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Abstract
Particle production by expanding in the future light cone scalar quantum field is studied by
assuming that the initial state is associated with the quasi equilibrium statistical operator corre-
sponding to fluid dynamics. We calculate particle production from longitudinally boost-invariant
expanding quantum field designed as a simple but reliable model for the central rapidity region of
a relativistic collision. We perform exact diagonalization of the model by introducing a notion of
quasiparticles and define a zero-temperature instantaneous ground state for the quasi equilibrium
statistical operator. Adiabatic regularization of the particle production due to the ground state
decay is discussed.
PACS numbers:
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I. INTRODUCTION
It is noteworthy that relativistic hydrodynamics can be successfully applied for phe-
nomenological description of particle production in relativistic nucleus and particle collisions,
for very recent review see e.g. Ref. [1]. Applicability of hydrodynamics for calculations of
particle momentum spectra indicates validity of some reduced description for the state of the
system. Such a reduced description can be fulfilled (and generalized hydrodynamic equa-
tions can be derived) utilizing Zubarev’s formalism of non-equilibrium statistical operator,
see e.g. Refs. [2–5] and also Refs. [6–10] for recent papers related to this method. Basic
component of this formalism is the quasi equilibrium statistical operator. The quasi equi-
librium statistical operator ρqσ is constructed by maximizing information entropy [11, 12] for
the average local values of the energy-momentum density operator on a three-dimensional
space-like hypersurface σν with a time-like normal vector nµ(x):
nµ(x)〈T µνreg(x)〉 = nµ(x)〈T µνreg(x)〉qσ. (1)
The left-hand side in the above equation is calculated with a true state of the system,
and the right-hand side is calculated with the quasi equilibrium statistical operator, 〈...〉qσ ≡
Tr[ρqσ...]. Here T
µν
reg(x) denotes regularized operator of an energy momentum tensor: It is well
known that expectation values of an energy momentum tensor need regularization because
expectation values of the products of quantum field operators taken in the same spacetime
point are ill-defined in general case. Then the quasi equilibrium statistical operator reads
ρqσ = Z
−1
σ exp
(
−
∫
σ
dσnν(x)
uµ(x)T
µν(x)
T (x)
)
, (2)
where T (x) is the local temperature, uµ(x) is hydrodynamical four-velocity, uµ(x)u
µ(x) =
1, σν is a three-dimensional space-like hypersurface with a time-like normal vector nν(x),
T µν(x) is the operator of an energy momentum tensor, and Zσ is the normalization factor
making Tr[ρqσ] = 1. We assume for simplicity that a chemical potential µ = 0. Equation (1)
defines uµ(x)/T (x) field in Eq. (2).
Typically, in the flat Minkowski spacetime, regularization of an energy momentum ten-
sor is done by subtraction of expectation value with the Minkowski vacuum, T µνreg(x) =
T µν(x) − 〈0|T µν(x)|0〉. However, such a regularization is not consistent with maximization
of the information entropy for the average local values of the energy-momentum density op-
erator. Indeed, one can see that the quasi equilibrium statistical operator (2) defines in zero
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temperature limit the instantaneous ground state (“vacuum”) which in general case does not
coincide with the ordinary Minkowski vacuum defined with respect to the Hamiltonian. Per-
haps the most straightforward definition of such a ground state can be performed by means
of the instantaneous diagonalization of the operator
∫
σ
dσ(nν(x)uµ(x)T
µν(x)/T (x)) in some
quasiparticle basis. Then the instantaneous ground state could be defined as the eigenstate
of this normal ordered operator with the lowest eigenvalue at three-dimensional hypersurface
σν . Of course, existence of such an operator with a non-negative spectrum, bounded from
below is crucial to the existence and determination of the ground state containing no quasi-
particle excitations. Because such a quasiparticle vacuum state, |0σ〉, coincides with defined
in zero temperature limit ground state of the quasi equilibrium statistical operator specified
at some three-dimensional space-like hypersurface σν , one can see that regularization
T µνreg(x) = T
µν(x)− 〈0σ|T µν(x)|0σ〉 (3)
is consistent with maximization of the information entropy, see Eqs. (1) and (2). One can
notice that the quasi equilibrium statistical operator has a parametric time dependence even
in the Heisenberg representation, giving rise to a distinct ground (“vacuum”) state on each
hypersurface. One can draw an analogy between absence of a unique ground (“vacuum”)
state in Little Bang fireballs created in ultrarelativistic heavy ion and particle collisions, and
absence of a unique vacuum state in the Big Bang cosmological expansion (see, e.g., Refs.
[13–16]) which proceeds in an evolving curved spacetime background.1 Notice here, to avoid
misunderstanding, that expansion of a matter created in ultrarelativistic nucleus and particle
collisions takes place in the flat Minkowski spacetime with corresponding (Minkowski) global
vacuum state which can be defined as the eigenstate of the corresponding Hamiltonian with
the lowest eigenvalue. Instantaneous ground states are situated in the future light cone of a
collision, and approach the Minkowski vacuum state at asymptotic times.
If such a reduced description is applicable, then the quasi equilibrium statistical operator
(2) can be directly utilized for (approximate) calculations of various operator-valued quan-
tities, i.e., it can be regarded as a reliable proxy for a true state of the system. Typically,
expansion of an isolated system leads to breakdown of the reduced description. Calculations
1 Because the spacetime region occupied by the matter produced in an ultrarelativistic collision lies in the
future light cone of a collision, initial conditions and subsequent evolution are described by utilizing some
appropriate curved coordinate system in the light cone.
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at this far-from-equilibrium stage can be essentially simplified for extreme case of a sudden
decoupling of the quasi equilibrium state of a system which can be conditioned by switching
off the interactions due to expansion. Then observed particle momentum spectra should be
defined by expectation values of quasiparticle creation and annihilation operators calculated
with quasi equilibrium statistical operator at the hypersurface of decoupling, and by the fol-
lowing evolution of the quasiparticle vacuum towards the Minkowski one. Such an evolution
could be accompanied by particle production in an analogy with particle production in an
expanding universe [17].
In the present paper we analyse particle creation due to the quasi equilibrium state
decay utilizing simple but phenomenologically relevant for a relativistic collision model of
the quasi equilibrium state for a boost-invariant expanding free boson quantum field. Unlike
of previous studies [18–21], we perform exact diagonalization of the model in a quasiparticle
basis. We analyse particle production and perform an adiabatic regularization of particle
momentum spectra. Finally, we suggest that phenomenon of quantum particle production
induced by the quasi equilibrium ground state decay could be observed in p+ p collisions at
the CERN Large Hadron Collider (LHC) (see also Ref. [21]).
II. DIAGONALIZATION OF QUASI EQUILIBRIUM STATISTICAL OPERATOR
FOR BOOST-INVARIANT EXPANDING QUANTUM SCALAR FIELD
In this Section we diagonalize quasi equilibrium statistitical operator (2) for longitudinally
boost-invariant Bjorken-type [22] expanding scalar field. This type of expansion is relevant
for an ultrarelativistic collision and allows us to perform calculations analytically. Namely,
we assume that matter produced in the Little Bang is locally restricted to the light cone with
beginning at t = z = 0 plane of the Minkowski spacetime manifold. Because the spacetime
region occupied by the matter produced in an ultrarelativistic collision lies in the future
light cone of a collision, it is convenient to introduce the Bjorken coordinates (τ, η) instead
of Cartesian ones, (t, z):
t = τ cosh η, (4)
z = τ sinh η, (5)
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where η is the so called spatial rapidity, tanh η = z/t. The two other coordinates rT = (rx, ry)
are the Cartesian ones. One can see that (τ, η) coordinates cover the whole future light cone
region. The Minkowski line element restricted to the light cone has then the form (we use
the convention gµν = diag(+1,−1,−1,−1)):
ds2 = dt2 − dr2T − dz2 = dτ 2 − τ 2dη2 − dr2T . (6)
Notice that τ is the proper time of observers which move with different but constant longi-
tudinal velocities in such a way that their world lines begin at z = t = 0. The corresponding
longitudinally boost-invariant four-velocity uµ is expressed as
uµ(x) = (cosh η, 0, 0, sinh η). (7)
One can see that τ also controls a value of the four-velocity spacetime gradients,
∂µu
µ(x) =
1
τ
. (8)
We assume that a quasi equilibrium state is defined at a hypersurface with constant
energy density in the comoving coordinate system for field expanding with four-velocity
(7). Then, see Eq. (2), T (x) is constant on the corresponding hypersurface, and such a
hypersurface is defined by constant τ =
√
t2 − z2. This implies that
nµ(x) = uµ(x), (9)
T (x) = T (τ), (10)
and
dσ = τdηdrxdry. (11)
Then quasi equilibrium statistical operator (2) reads
ρqτ = Z
−1
τ exp
(
− H
[τ ]
T (τ)
)
, (12)
where
H [τ ] =
∫
dσuν(x)uµ(x)T
µν(x). (13)
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Here we are primarily interested in the effects of particle creation due to expansion of
quantum fields. Therefore we disregard field self-interactions and consider scalar quantum
field model with the classical action
S =
∫
dtd3r
[
1
2
(
∂φ
∂t
)2
− 1
2
(
∂φ
∂r
)2
− m
2
2
φ2
]
≡
∫
dtd3rL. (14)
Let us rewrite classical action (14) in the Bjorken coordinates (τ, η). Taking into account
that dtd3r = dτdσ, we get
S =
∫
dτdσL, (15)
where Lagrangian density in such coordinates is
L =
1
2
(
∂φ
∂τ
)2
− 1
2
1
τ 2
(
∂φ
∂η
)2
− 1
2
(
∂φ
∂rT
)2
− 1
2
m2φ2. (16)
Taking into account that the energy momentum tensor is
T µν(x) = ∂µφ∂νφ− gµνL, (17)
it provides that local energy density operator in the comoving frame, uµuνT
µν(x), is
uµuνT
µν(x) =
1
2
(
∂φ
∂τ
)2
+
1
2
1
τ 2
(
∂φ
∂η
)2
+
1
2
(
∂φ
∂rT
)2
+
1
2
m2φ2, (18)
where we take into account that uµ∂
µ = ∂τ .
It follows from Eq. (16) that conjugate momentum Π[τ ] with respect to τ is
Π[τ ] =
∂φ(x)
∂τ
. (19)
Then one can notice from Eqs. (13) and (18) that H [τ ] is, in fact, explicitly τ -dependent
“Hamiltonian” that generates translations in the time-like direction with respect to τ . Evi-
dently, such an operator does not coincide with the Hamiltonian H [t] that generates trans-
lation with respect to t. Therefore, defined with respect to H [τ ] instantaneous ground state
(instantaneous “vacuum”) |0τ〉, where τ is the instant to which it refers, does not coincide
with the global vacuum state in flat Minkowski spacetime, |0〉, defined with respect to H [t]
as the eigenstate of the Hamiltonian with the lowest eigenvalue.
In what follows we perform instantaneous diagonalization of H [τ ] in terms of some ap-
propriate quasiparticle creation and annihilation operators. It allows us to distinguish con-
tributions of the corresponding quasiparticles and the ground-state “vacuum” to expecta-
tion values of relevant quantities. With this aim, it is necessary to find representation of
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the canonical commutation relations (with corresponding mode functions) at hypersurface
τ = const,
[φ(x),Π[τ ](x′)] = i
1
τ
δ(η − η′)δ(2)(rT − r′T ), (20)
that diagonalizes H [τ ].
We start by noting that φ(x) obeys the Klein-Gordon equation,
(−m2)φ(x) = 0, (21)
where  = −∂µ∂µ is the d’Alembert operator associated with the Minkowski spacetime. It
is well known that solution of this equation in the future light cone can be written with the
Hankel functions, see e.g. Refs. [13, 21, 23–25]. Then
φ(x) =
∫ +∞
−∞
d2pTdµ
4pi
√
2
[−ieµpi/2+iµη+ipT rTH(2)iµ (mT τ)b(pT , µ) +
ie−µpi/2−iµη−ipT rTH
(1)
iµ (mT τ)b
†(pT , µ)], (22)
where H
(1)
iµ (mT τ) and H
(2)
iµ (mT τ) are the Hankel functions [26],
H
(1)
iµ (mT τ) =
1
ipi
eµpi/2
∫ +∞
−∞
dϑeimT τ cosh ϑ−iµϑ, (23)
H
(2)
iµ (mT τ) = −
1
ipi
e−µpi/2
∫ +∞
−∞
dϑe−imT τ coshϑ+iµϑ. (24)
Here
mT =
√
p2T +m
2 (25)
is the so called transverse mass, and pT = (px, py) is the transverse momentum. It is
convenient to introduce notations
H˜
(1)
iµ (x) = H
(1)
iµ (x)e
−piµ/2, (26)
H˜
(2)
iµ (x) = H
(2)
iµ (x)e
piµ/2. (27)
Accounting for properties of the Hankel functions one can see that[
H˜
(1)
iµ (x)
]∗
= H˜
(2)
iµ (x). (28)
Then, assuming
[b(pT , µ), b
†(p′T , µ
′)] = δ(µ− µ′)δ(2)(pT − p′T ), (29)
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with all other commutators vanishing, and by use of the identities (the Wronskian condition)
H˜
(2)∗
iµ (x)
←→
∂x H˜
(2)
iµ (x) = −
4i
pix
, (30)
for the Hankel functions and their derivatives, one can see that representation (22) realizes
the quantization procedure on the hypersurface τ = const, see Eqs. (19) and (20).
It is well known that the vacuum defined with respect to the Hankel functions coin-
cides with the ordinary Minkowski vacuum defined with respect to the plane-wave modes,
b(pT , µ)|0〉 = 0 (see e.g. Ref. [13]). To argue it one can relate plane-wave modes with
the Hankel functions. For this aim it is convenient to write solution of the Klein-Gordon
equation (21) with the pane-wave modes,
φ(x) =
∫
d3p√
2ωp
1
(2pi)3/2
(
e−iωpt+ipra(p) + eiωpt−ipra†(p)
)
, (31)
where
ωp =
√
p2 +m2. (32)
The conjugated field momentum at the hypersurface t = const is Π[t] = ∂φ
∂t
. The quantization
prescription at such a hypersurface,
[φ(x),Π[t](x′)] = iδ(3)(r− r′), (33)
means that functions a†(p) and a(p) become creation and annihilation operators, respec-
tively, which satisfy the following canonical commutation relations:
[a(p), a†(p′)] = δ(3)(p− p′), (34)
and [a(p), a(p′), ] = [a†(p), a†(p′)] = 0. Then, comparing Eq. (22) with Eq. (31) and using
Eqs. (23) and (24) one can easy get (see e.g. Ref. [21]) that
a(p) =
1√
2piωp
∫ +∞
−∞
dµeiµθb(pT , µ), (35)
a†(p) =
1√
2piωp
∫ +∞
−∞
dµe−iµθb†(pT , µ). (36)
Here θ is momentum rapidity, tanh θ = pz/ωp, pz is the longitudinal momentum. Taking
into account Eq. (32) one can write
ωp = mT cosh θ, (37)
pz = mT sinh θ, (38)
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where transverse mass mT is defined by Eq. (25). It follows from Eqs. (35) and (36) that
“a” and “b” particles are defined with respect to the same vacuum.
Substituting (22) into Eq. (18), and performing integrations over spacetime variables in
Eq. (13), we bring H [τ ] to the form
H [τ ] =
1
2
∫ +∞
−∞
d2pTdµω(pT , µ, τ)[E(pT , µ, τ)(b
†(pT , µ)b(pT , µ) + b(pT , µ)b
†(pT , µ))−
F (pT , µ, τ)b(pT , µ)b(−pT ,−µ)− F ∗(pT , µ, τ)b†(pT , µ)b†(−pT ,−µ)], (39)
where
ω(pT , µ, τ) =
√
m2T +
µ2
τ 2
, (40)
and we introduced notations
E(pT , µ, τ) =
piτ
4ω(pT , µ, τ)
[
|∂τH˜(2)iµ (mT τ)|2 + ω2(pT , µ, τ)|H˜(2)iµ (mT τ)|2
]
, (41)
F (pT , µ, τ) =
piτ
4ω(pT , µ, τ)
[
(∂τ H˜
(2)
iµ (mT τ))
2 + ω2(pT , µ, τ)(H˜
(2)
iµ (mT τ))
2
]
. (42)
Using Eq. (30) one can get that
E2(pT , µ, τ)− |F (pT , µ, τ)|2 = 1. (43)
As one see from Eq. (39), H [τ ] is nondiagonal in the creation and annihilation operators.
Diagonalization of the “Hamiltonian” H [τ ] can be performed by means of a canonical Bo-
golyubov transformation.2 The corresponding quasiparticle creation, ξ†, and destruction, ξ,
operators with canonical commutation relations
[ξ(pT , µ, τ), ξ
†(p′T , µ
′, τ)] = δ(µ− µ′)δ(2)(pT − p′T ), (44)
and [ξ†(pT , µ, τ), ξ
†(p′T , µ
′, τ)] = 0, [ξ(pT , µ, τ), ξ(p
′
T , µ
′, τ)] = 0, are related to b† and b
operators through a Bogolyubov transformation with τ -dependent coefficients α(pT , µ, τ)
and β(pT , µ, τ):
b(pT , µ) = α(pT , µ, τ)ξ(pT , µ, τ) + β
∗(pT , µ, τ)ξ
†(−pT ,−µ, τ), (45)
b†(pT , µ) = α
∗(pT , µ, τ)ξ
†(pT , µ, τ) + β(pT , µ, τ)ξ(−pT ,−µ, τ), (46)
|α(pT , µ, τ)|2 − |β(pT , µ, τ)|2 = 1. (47)
2 Our treatment here is very similar to the one required to diagonalize a Hamiltonian in a curved spacetime,
see e.g. Ref. [15] and references therein.
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It follows from Eqs. (45), (46), (47) that
ξ(pT , µ, τ) = α
∗(pT , µ, τ)b(pT , µ)− β∗(pT , µ, τ)b†(−pT ,−µ), (48)
ξ†(pT , µ, τ) = α(pT , µ, τ)b
†(pT , µ)− β(pT , µ, τ)b(−pT ,−µ). (49)
Substituting Eqs. (45) and (46) into Eq. (39) and requiring diagonalization of H [τ ] in
operators ξ† and ξ we obtain
2Eαβ − Fα2 − F ∗β2 = 0. (50)
One can see from the above equation that β/α is a solution of the quadratic equation. Then,
using Eq. (43) we get β
α
= E±1
F ∗
. Choosing the solution which tends to zero when τ tends to
infinity, we get
β
α
=
E − 1
F ∗
. (51)
This implies that
|β|2
1 + |β|2 =
(E − 1)2
|F |2 , (52)
where we used Eq. (47). Taking into account (43) we finally get
|β|2 = E − 1
2
. (53)
Also, substituting Eq. (53) into Eq. (51) we get
αβ∗ =
1
2
F ∗. (54)
It is noteworthy that Eqs. (53) and (54) allow to rewrite Eqs. (41) and (42) in the form
H˜
(2)
iµ (mT τ) =
(
2
piτω(pT , µ, τ)
)1/2
(α∗(pT , µ, τ) + β(pT , µ, τ)), (55)
∂τH˜
(2)
iµ (mT τ) = −i
(
2ω(pT , µ, τ)
piτ
)1/2
(α∗(pT , µ, τ)− β(pT , µ, τ)). (56)
Expressions for H˜
(1)
iµ (mT τ) and ∂τ H˜
(1)
iµ (mT τ) follow from Eq. (28) and Eqs. (55) and (56).
Under this transformation the “Hamiltonian” H [τ ] takes the form
H [τ ] =
∫ +∞
−∞
d2pTdµω(pT , µ, τ)ξ
†(pT , µ, τ)ξ(pT , µ, τ), (57)
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where we omitted a constant term taking into account that such a term is canceled in the
expression (12) for the statistical operator. One can see that ω(pT , µ, τ) has the meaning
of the energy of the quasiparticle. A direct consequence of the Bogolyubov transformation
(45), (46) and (47) is that the notion of a vacuum is not unique for “b” and “ξ” particles.
Namely, the ground state of the “Hamiltonian” H [τ ] is a highly entangled squeezed state
(see e.g. Refs. [27, 28]) of correlated pairs of b†(pT , µ) and b
†(−pT ,−µ) quanta with zero
total momentum.
III. MOMENTUM SPECTRA OF CREATED PARTICLES
In this Section, we consider particle production associated with the quasi equilibrium
state of expanding scalar field. First of all, let us note that expectation values of ξ and ξ†
quasiparticle operators with the quasi equilibrium statistical operator (12), 〈...〉qτ ≡ Tr[ρqτ ...]
can be calculated utilizing the thermal Wick theorem [29] (see also Refs. [30, 31] and Ref.
[21]) because H [τ ] has the thermal-like diagonal form in the quasiparticle representation, see
Eq. (57). We then obtain
〈ξ†ξ†〉qτ = 〈ξξ〉qτ = 〈ξ†〉qτ = 〈ξ〉qτ = 0, (58)
and
〈ξ†(pT1, µ1, τ)ξ(pT2, µ2, τ)〉qτ = δ(µ1 − µ2)δ(2)(pT1 − pT2)
1
e
ω(pT1,µ1,τ)
T (τ) − 1
. (59)
Other expectation values with ξ and ξ† operators can be calculated utilizing Eqs. (58), (59)
and the thermal Wick theorem.
Now, let us consider particle production in the model. In our approach, we have disre-
garded self-interactions of the scalar field. Therefore, we just assume that decoupling of the
system happens at some hypersurface τ = τf . In the Heisenberg representation the state is
time independent, and we assume that evolution of the scalar field at τ > τf is governed by
the Klein-Gordon equation. Then particle momentum spectrum at asymptotic times reads
ωp
d3N
d3p
=
d3N
d2pTdθ
= ωp〈a†(p)a(p)〉qτf . (60)
A natural question that now arises is how quasiparticles evolve into particles at interme-
diate times, i.e., how the quasiparticle vacuum (the ground state) evolves into the Minkowski
11
one. Naively, one might expect that the quasiparticle vacuum suddenly decays at τ = τf ,
then all virtual particles immediately become the real ones at τ = τf . In this case, the
predicted amount of particle creation would be maximal. To calculate this quantity one
needs relate plane-wave modes with quasiparticle modes at τ = τf . It can be done by means
of Eqs. (35), (36), (45) and (46). First, taking into account Eqs. (45), (46) and (59), we get
〈b†(pT1, µ1)b(pT2, µ2)〉qτf = δ(µ1 − µ2)δ(2)(pT1 − pT2)×
1 + 2|β(pT1, µ1, τf )|2
e
ω(pT1,µ1,τf )
T (τf ) − 1
+ |β(pT1, µ1, τf )|2

 . (61)
It is worth noting that 〈b†〉qτf = 〈b〉qτf = 0, and that 〈b†b†〉qτf as well as 〈bb〉qτf are not identically
zero. Then, utilization of Eq. (61) and Eqs. (35), (36) yields
〈a†(p1)a(p2)〉qτf =
1
2pi
√
ωp1ωp2
δ(2)(pT1 − pT2)×
∫ +∞
−∞
dµe−iµ(θ1−θ2)

1 + 2|β(pT1, µ, τf)|2
e
ω(pT1,µ1,τf )
T (τf ) − 1
+ |β(pT1, µ, τf)|2

 . (62)
Non-thermal contributions into Eqs. (61) and (62) appear due to difference between the
instantaneous quasiparticle vacuum state and the global Minkowski vacuum state. Corre-
sponding expressions in the saddle-point approximation, for mT τf ≫ 1, can be found in Ref.
[21].
To relate the model to the measured particle momentum spectra one needs make some
additional comments. First, note that mean number of particles in the model diverges just
because both longitudinal and transverse sizes are assumed to be infinite. Here, in order to
relate this model to the real world, we just assume that the effective transverse size of the
expanding system is finite but large enough. Then, in Eqs. (59), (61) and (62) δ(2)(pT1−pT2)
can be substituted at pT1 = pT2 by (2pi)
−2R2T . We cannot proceed in the same way with
the longitudinal dimension, because boost invariance of the model will be then destroyed.
Nevertheless, this difficulty can be circumvented if consider particle momentum spectra in
the central rapidity region only and do not integrate particle momentum spectra over θ.
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Even then one can notice3 that particle rapidity density,
dN
dθ
=
∫
d2pTωp〈a†(p)a(p)〉qτf (63)
is infinite because integration over transverse momenta of the last term in Eq. (62) (which
corresponds to the sudden spontaneous emission from the quasiparticle vacuum) diverges.
To eliminate this divergence some regularization in the ultraviolet region could be applied,
e.g., one can assume some momentum cutoff above which particles are not produced from
the quasiparticle vacuum (i.e., virtual particles are not transformed into the real ones for
high enough momenta).
Another physically interesting approach to describe particle production in the model is
to relax assumption of a sudden decay of the ground state. Then, because Bogolyubov
coefficient β, see Eqs. (41) and (53), tends to zero when τ tends to infinity, one can assume
that quasiparticle vacuum continuously evolves with time and coincides with the Minkowski
vacuum for τ = ∞. Then, to determine the spectrum of particles, one can utilize the
interpolating quasiparticle representation which becomes the b-particle representation when
τ tends to infinity, b†(pT , µ) = ξ
†(pT , µ, τ = ∞), b(pT , µ) = ξ(pT , µ, τ = ∞), and relate
ξ†(pT , µ, τf) and ξ(pT , µ, τf) with ξ
†(pT , µ, τ =∞) and ξ(pT , µ, τ =∞). The latter can be
realized by means of the Klein-Gordon equation. Namely, taking into account Eqs. (22),
(27), (28), (48), (49), (55), and (56), we can write φ(x) and ∂τφ(x) in the quasiparticle
representation at τ > τf :
4
φ(x) =
1
4pi
1√
piτ
∫ +∞
−∞
dµd2pT
1√
ω(pT , µ, τ)
×
(
−ieiµη+ipT rT e−i
∫ τ
τf
ω(pT ,µ,τ
′)dτ ′
ξ(pT , µ, τ) + ie
−iµη−ipT rT e
i
∫ τ
τf
ω(pT ,µ,τ
′)dτ ′
ξ†(pT , µ, τ)
)
, (64)
∂τφ(x) = − 1
4pi
1√
piτ
∫ +∞
−∞
dµd2pT
√
ω(pT , µ, τ)×(
eiµη+ipT rT e
−i
∫ τ
τf
ω(pT ,µ,τ
′)dτ ′
ξ(pT , µ, τ) + e
−iµη−ipT rT e
i
∫ τ
τf
ω(pT ,µ,τ
′)dτ ′
ξ†(pT , µ, τ)
)
. (65)
Here we added phase factors e
−i
∫ τ
τf
ω(pT ,µ,τ
′)dτ ′
and e
i
∫ τ
τf
ω(pT ,µ,τ
′)dτ ′
aiming to study evolution
in the Heisenberg representation.
3 To make it, one needs to write ultraviolet asymptotic expansion for the Hankel functions, or utilize
corresponding expressions from Ref. [21].
4 It is worth noting that φ(x) and ∂τφ(x) in the quasiparticle representation and Eqs. (12), (57) allow one
to calculate expectation value of the energy momentum tensor, see Eqs. (16) and (17), in the quasiparticle
representation at τ = τf .
13
The time-dependent creation, ξ†(pT , µ, τ), and annihilation, ξ(pT , µ, τ), operators are
related to ξ(pT , µ, τf) and ξ(pT , µ, τf) operators via the time-dependent Bogolyubov trans-
formation,
ξ(pT , µ, τ) = u
∗(pT , µ, τ)ξ(pT , µ, τf)− v∗(−pT ,−µ, τ)ξ†(−pT ,−µ, τf), (66)
ξ†(pT , µ, τ) = u(pT , µ, τ)ξ
†(pT , µ, τf)− v(−pT ,−µ, τ)ξ(−pT ,−µ, τf ). (67)
Here u(pT , µ, τf) = 1, v(pT , µ, τf) = 0 and
|u(pT , µ, τ)|2 − |v(pT , µ, τ)|2 = 1. (68)
Equations (66) and (67) mean that the quasiparticle vacuum state at τ = τf is generally an
energetically excited state from the perspective of the quasiparticles at τ > τf . As a result
of the Bogoliubov transformation (66) and (67), the scalar field, see Eqs. (64) and (65), can
be rewritten as
φ(x) =
1
4pi
√
pi
∫ +∞
−∞
dµd2pT ×(−ieiµη+ipT rT g(pT , µ, τ)ξ(pT , µ, τf) + ie−iµη−ipT rT g∗(pT , µ, τ)ξ†(pT , µ, τf)) , (69)
∂τφ(x) =
1
4pi
√
pi
∫ +∞
−∞
dµd2pT ×(
eiµη+ipT rTh(pT , µ, τ)ξ(pT , µ, τf) + e
−iµη−ipT rTh∗(pT , µ, τ)ξ
†(pT , µ, τf)
)
, (70)
where we denote
g(pT , µ, τ) =
1√
τω(pT , µ, τ)
×
(
u∗(pT , µ, τ)e
−i
∫ τ
τf
ω(pT ,µ,τ
′)dτ ′
+ v(pT , µ, τ)e
i
∫ τ
τf
ω(pT ,µ,τ
′)dτ ′
)
, (71)
h(pT , µ, τ) = −i
√
ω(pT , µ, τ)
τ
×(
u∗(pT , µ, τ)e
−i
∫ τ
τf
ω(pT ,µ,τ
′)dτ ′ − v(pT , µ, τ)e
i
∫ τ
τf
ω(pT ,µ,τ
′)dτ ′
)
. (72)
It follows from Eqs. (69) and (70) that
∂τg(pT , µ, τ) = h(pT , µ, τ). (73)
In Bjorken coordinates, see Eqs. (4) and (5), Klein-Gordon equation (21) becomes
(∂2τ +
1
τ
∂τ + ω
2(pT , µ, τ))g(pT , µ, τ) = 0. (74)
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Then, utilizing Eqs. (73) and (74) we have
∂τh(pT , µ, τ) +
1
τ
h(pT , µ, τ) + ω
2(pT , µ, τ)g(pT , µ, τ) = 0. (75)
Substituting Eqs. (71) and (72) to Eqs. (73) and (75) finally we get the following evolution
equations for the Bogolyubov transformation parameters:
∂τu
∗ =
1
2
(
1
τ
+
∂τω
ω
)
ve
2i
∫ τ
τf
ωdτ ′
, (76)
∂τv =
1
2
(
1
τ
+
∂τω
ω
)
u∗e
−2i
∫ τ
τf
ωdτ ′
. (77)
These equations are to be solved subject to initial conditions at τ = τf . It is straightforward
to confirm that Eq. (68) is satisfied: ∂τ (|u|2 − |v|2) = 0. This reduces the problem to the
direct evaluation of the time evolution of the Bogolyubov transformation parameters. We
can write the result as
u∗ = 1 +
1
2
∫ τ
τf
dτ ′′
[(
1
τ ′′
+
∂τ ′′ω
ω
)
e
2i
∫ τ ′′
τf
ωdτ ′
v
]
, (78)
v =
1
2
∫ τ
τf
dτ ′′
[(
1
τ ′′
+
∂τ ′′ω
ω
)
e
−2i
∫ τ ′′
τf
ωdτ ′
u∗
]
. (79)
Taking into account that ξ(pT , µ, τ →∞)→ b(pT , µ), and utilizing Eqs. (12), (57), (66)
and (67), we then obtain
〈b†(pT1, µ1)b(pT2, µ2)〉qτf = δ(µ1 − µ2)δ(2)(pT1 − pT2)×
1 + 2|v(pT1, µ1, τ =∞)|2
e
ω(pT1,µ1,τf )
T (τf ) − 1
+ |v(pT1, µ1, τ =∞)|2

 . (80)
It provides that
〈a†(p1)a(p2)〉qτf =
1
2pi
√
ωp1ωp2
δ(2)(pT1 − pT2)×
∫ +∞
−∞
dµe−iµ(θ1−θ2)

1 + 2|v(pT1, µ, τ =∞)|2
e
ω(pT1,µ,τf )
T (τf ) − 1
+ |v(pT1, µ, τ =∞)|2

 . (81)
In obtaining the above expression we have used Eqs. (35) and (36). This implies that particle
momentum spectra (60) are finite while expression for particle rapidity density, (63), could
diverge in the ultraviolet region. To study this problem one can solve Eqs. (78) and (79)
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iteratively. Thus, the asymptotic Bogolyubov coefficients are
v(0) = 0, (82)
u∗(0) = 1, (83)
v(1) =
1
2
∫ ∞
τf
dτ ′′
[(
1
τ ′′
+
∂τ ′′ω
ω
)
e
−2i
∫ τ ′′
τf
ωdτ ′
u∗(0)
]
. (84)
u∗(1) = 1 +
1
2
∫ ∞
τf
dτ ′′
[(
1
τ ′′
+
∂τ ′′ω
ω
)
e
2i
∫ τ ′′
τf
ωdτ ′
v(1)
]
, (85)
and, thereby for j ≥ 1
v(j) =
1
2
∫ ∞
τf
dτ ′′
[(
1
τ ′′
+
∂τ ′′ω
ω
)
e
−2i
∫ τ ′′
τf
ωdτ ′
u∗(j−1)
]
. (86)
u∗(j) = 1 +
1
2
∫ ∞
τf
dτ ′′
[(
1
τ ′′
+
∂τ ′′ω
ω
)
e
2i
∫ τ ′′
τf
ωdτ ′
v(j)
]
, (87)
One can see that iterations are done in 1/τ for τ > τf . Making use of (84) one can find
that first iteration results in the ultraviolet divergence that is present in the expression of
particle rapidity density, see Eqs. (63) and (81). One the other hand, next iterations do
not produce additional divergences to dN/dθ. This is what makes expansion (86) and (87)
useful for isolation of the divergences.
It is beyond the scope of this study to give a comprehensive analysis and prescription for
regularization. Here we just take the regularized expression for the particle production to
be
〈a†(p1)a(p2)〉qτf =
1
2pi
√
ωp1ωp2
δ(2)(pT1 − pT2)×
∫ +∞
−∞
dµe−iµ(θ1−θ2)

1 + 2|vreg(pT1, µ, τ =∞)|2
e
ω(pT1,µ,τf )
T (τf ) − 1
+ |vreg(pT1, µ, τ =∞)|2

 , (88)
where
vreg(pT , µ, τ =∞) = v(pT , µ, τ =∞)− v(1)(pT , µ, τ =∞) =
1
2
∫ ∞
τf
dτ ′′
[(
1
τ ′′
+
∂τ ′′ω
ω
)
e
−2i
∫ τ ′′
τf
ωdτ ′
(u∗ − u∗(0))
]
. (89)
The adiabatic subtraction term, v(1), removes the ultraviolet divergence that is present
in the formal expression of particle rapidity density (63). The integral over transverse
momenta then converges and gives some finite value. Notice that the adiabatic subtraction
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is taken at all frequencies not just large ones. If apply here momentum cutoff procedure,
then regularization will influence all terms while divergences are associated with first term
in powers of the 1/τ expansion. It suggests that iteration procedure entails an adiabatic
expansion of the exact solution (78), (79) and can be used as basis for the regularization
of particle emission. In a sense, such a procedure is similar to the adiabatic regularization
in curved spacetime [32], and, loosely speaking, means that particle production from the
evolving vacuum state is suppressed if rate of changes (e.g., rate of expansion, see Eq.
(8)) is rather slow. The regularization consists in subtraction of appropriate number of first
iteration terms from |v|2. For particle rapidity density it seems that subtraction of first term
leads to convergent integral in ultraviolet region, but for complete regularization of other
quantities more subtraction could be needed. A more intensive analysis of the problem is
necessary for clarification of this point, but such an analysis goes beyond the scope of the
present article.
As a final comment we would like to point out that there is an invariant part of Eqs.
(62), (88) which does not depend on mechanisms of the quasiparticle vacuum decay, and that
such a term coincides with one-particle momentum spectrum of local-equilibrium ideal Bose-
Einstein gas. Indeed, making the substitution δ(2)(pT1 − pT2) → (2pi)−2R2T at pT1 = pT2,
changing the integration variable µ = (mT τf ) sinh(η − θ), and calling the integration over
the transverse dimension the effective transverse size of the system R2T , we obtain
ωp〈a†+(p)a+(p)〉l.eq.τf =
R2T
(2pi)3
∫ +∞
−∞
dηmT τf cosh(η − θ) 1
e
mT cosh(η−θ)
T (τf ) − 1
=
∫
σf
dσfu
µpµf
l.eq.
f (x,p), (90)
where
f l.eq.f (x,p) =
1
(2pi)3
1
e
uµpµ
T (τf ) − 1
(91)
corresponds to the Bose-Einstein local equilibrium distribution function of the ideal gas, uµ
is given by (7) and pµ = (mT cosh θ,pT , mT sinh θ).
IV. CONCLUSIONS
Acceptability of hydrodynamics for description of particle production in relativistic nu-
cleus and particle collisions means that true state of the system can be substituted by some
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proxy state. Such a reduced description can be fulfilled based on the quasi equilibrium
statistical operator. In general, ground state of this statistical operator does not coincide
with the Minkowski vacuum. Therefore hydrodynamical evolutionary equations are, in fact,
formulated for quasiparticles defined with respect to such a non-trivial time-dependent “vac-
uum”. Expanding quantum field produced in a high energy collision lies in the future light
cone of a collision, and particle creation from this quasiparticle vacuum has analogue with
the cosmological particle creation. One can expect that under certain circumstances such a
quantum particle production could be observed in measured particle momentum spectra.
In the present work, to make the problem tractable, we considered simple but reliable
model of the quasi equilibrium state of non-interacting boost-invariant expanding scalar
quantum field. We performed exact diagonalization of the model in the quasiparticle repre-
sentation by means of the Bogolyubov transformation. It allows us to explicitly disclose the
zero-temperature ground state. Then, we analyse particle production induced by the system
decoupling and the ground state decay. We assume two different scenarios: sudden decay
and continuous decay of the ground state. For the latter scenario we propose procedure of
the adiabatic regularization of particle emission. Obtained expressions allow to conclude
that noticeable contributions to particle momentum spectra from quantum particle creation
due to the ground-state decay could be observed if rate of matter expansion at hypersurface
of the system decoupling is high enough. This condition seems to be satisfied in p + p col-
lisions at the LHC where breakup of hydrodynamically expanding fireball happens at the
hypersurface τf ≃ 1 fm (then Tf ≃ m where m is pion mass). Specifically, it was proposed
[21] that peculiarities of the measured in p + p collisions at the LHC [33–37] Bose-Einstein
momentum correlations of two identical charged pions could be attributed to the two-source
mechanism of particle emission associated with the quasi equilibrium state decay.5 Realistic
generalization of the model (accounting for field interactions, expansion in the transverse di-
rection, feed-downs from the resonance decays, etc.) is needed to make possible quantitative
5 Notice that existing of two scales in p + p collisions was also proposed in Ref. [38] based on different
underlying physical picture.
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comparison with experimental data.
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